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Abstract – Parallel thermocapillary flows in infinite layers can be calculated easily. However, in reality thermocapillary flows occur in channels or closed
cavities, and they are three-dimensional. In the present paper, a two-layer fluid system filling a channel with a rectangular cross section is considered.
A numerical investigation of three-dimensional spiral thermocapillary flows generated by a temperature gradient imposed along the channel has been
performed. Both the case of a zero longitudinal pressure gradient (a through flow in the channel) and that of a zero longitudinal fluid flux (a flow in the
closed cavity) are investigated. Steady and oscillatory thermocapillary motions, and transitions between them are studied. 1999 Éditions scientifiques
et médicales Elsevier SAS

1. Introduction

The problem of a thermocapillary flow in an open liquid layer heated along the free surface is the subject of
many investigations. The steady parallel flow in an infinite horizontal layer can be easily calculated (Levich [1],
Birikh [2]). It is necessary to distinguish between two kinds of thermocapillary flows. If the flow occurs in a
channel that connects two vessels kept under the same pressure, the mean longitudinal pressure gradient in the
system is zero. The corresponding thermocapillary flow is usually called “linear flow” (Davis [3]). In the case of
a closed cavity, the mean longitudinal flux of fluid is zero, so that a “return flow” occurs which is characterized
by a non-zero longitudinal pressure gradient. The regimes of a two-dimensional secondary convection in a
layer of a finite length were investigated numerically (see Ben Hadid and Roux [4,5]) and references therein).
The above mentioned theoretical papers were based on a ‘one-layer’ approach: the hydrodynamic and heat
processes in the gas phase were neglected, and a model condition for the temperature on the free surface was
used. However, the dynamics of the gas phase can play an important role, and a ‘two-layer’ approach, when
all the processes are considered simultaneously in both phases, would be more reliable. Such an approach is
also necessary for the consideration of convection in the system of two immiscible liquid layers, as used, e.g.
in the liquid encapsulation crystal growth technique. A thermocapillary parallel flow in a two-layer system was
studied by Doi and Koster [6]. Numerical simulations of two-dimensional thermocapillary flows in closed
cavities filled with two fluids were performed by Nepomnyashchy and Simanovskii [7], Simanovskii and
Nepomnyashchy [8], Doi and Koster [6].

The two-dimensional computations deal with an idealized situation where the region is infinite in the
horizontal transverse direction, and the fields of temperature, velocity and pressure are independent of the
corresponding spatial variable. In reality, a cavity is finite in both directions transverse to the direction of
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the imposed temperature gradient. This circumstance leads to an inevitable appearance of three-dimensional
flows. Let us consider, for instance, an infinitely long channel with a finite cross section. The boundaries of
the channel are rigid and heated along the longitudinal direction. The velocity of the thermocapillary flow,
and hence, the longitudinal convective heat transfer, vanish on the rigid boundaries. Therefore, the temperature
in each cross section is higher in the middle of the channel than at its periphery. The horizontal temperature
gradient induced by the boundaries generates a thermocapillary motion in the cross plane, in addition to the
longitudinal thermocapillary flow. Thus, a fluid particle moves along the channel and simultaneously rotates in
the transverse direction, so that the trajectory of the fluid particle is a spiral. We shall call such flows ‘spiral
flows’.

Thus, thermocapillary flows in a channel are ‘three-dimensional’. They cannot be calculated analytically,
and their computation can be done only by a special numerical analysis.

In the present paper, a two-layer fluid system filling a channel with a rectangular cross section is
considered. We have performed a numerical investigation of three-dimensional stationary and non-stationary
spiral thermocapillary flows generated by the imposed longitudinal temperature gradient. Steady secondary
thermocapillary motions, within the rigid boundaries, have been calculated. Both cases of the linear and return
flows are considered. The spiral flows stability problem is also discussed.

2. Formulation of the problem and the numerical method

Let us consider a long channel−lx/2< x < lx/2, −l/2< y < l/2, −a2< z < a1 filled with two immiscible
viscous fluids (seefigure 1). Density, kinematic and dynamic viscosities, heat conductivity and thermal
diffusivity of the i-th fluid (i = 1,2) areρi, νi, ηi, κi, χi respectively. The thickness of thei-th layer isai .
The temperature on the horizontal rigid boundariesz= a1 andz=−a2 is fixed in the following way:T =Ax,
whereA is the constant longitudinal temperature gradient. The vertical rigid boundariesy =± l/2 are thermally
insulated. The interfacial tensionσ decreases linearly with temperature:σ = σ0− αT . The buoyancy force is
neglected.

Figure 1. Geometrical configuration of the region and coordinate axes. The origin O is within the front cross-section.
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In the present paper the interface is assumed to be plane:z = 0. This assumption is quite natural in the
case of the linear flow, i.e. in the absence of the pressure gradient along the interface. In the case of the
return flow, this assumption needs some explanation. The interface can be perfectly flat only if longitudinal
pressure gradients appearing in both fluids are equal. Generally, these gradients are not equal, so that the
interface is deformed in such a way that the pressure difference generated by the thermocapillary motion is
balanced by the hydrostatic pressure and the interfacial tension. However, in some cases the deformation is
negligible. The relevant parameters characterizing the interface deformation areε = Alxα/σ0 (Pshenichnikov
and Tokmenina [9]) andR = Alxα/(ρ2 − ρ1)ga2 (Tan et al. [10]);g is the acceleration due to gravity. In
the present paper, we assume that these parameters are small, hence the interface deformation caused by the
difference of longitudinal pressure gradients can be neglected.

Obviously, under the assumptionz= 0 we disregard the deformational instabilities discovered by Smith and
Davis [11]. One can expect these instabilities to be unimportant if the crispation numbersCj = ηjχj /ajσ0� 1,
and the Galileo numbersGj = ga3

j /νjχj � 1, j = 1,2.

The following notations are used:ρ = ρ1/ρ2, ν = ν1/ν2, η = η1/η2, κ = κ1/κ2, χ = χ1/χ2, a = a2/a1.
As the units of length, time, velocity, pressure and temperature,a1, a

2
1/ν1, ν1/a1, ρ1ν

2
1/a

2
1 andAa1 are used,

respectively.

The complete system of nonlinear equations can be written in the following dimensionless form:

∂v1

∂t
+ (v1 · ∇)v1=−∇p1+1v1,

∂T1

∂t
+ v1 · ∇T1= 1

P
1T1, ∇ · v1= 0; (1)

∂v2

∂t
+ (v2 · ∇)v2=−ρ∇p2+ 1

ν
1v2,

∂T2

∂t
+ v2 · ∇T2= 1

χP
1T2, ∇ · v2= 0, (2)

whereP = ν1/χ1 is the Prandtl number.

On the rigid horizontal plates, the following boundary conditions are used:

z= 1: v1= 0, T1= x; (3)

z=−a: v2= 0, T2= x. (4)

At the interface, the normal components of the velocity vanish:

z= 0: vz1= vz2= 0; (5)

and the continuity conditions are fulfilled for the tangential components of the velocity

z= 0: vx1= vx2, vy1= vy2, (6)

for the tangential stresses

z= 0: η
∂vx1

∂z
= ∂vx2

∂z
+ Mη

P

∂T1

∂x
, η
∂vy1

∂z
= ∂vy2

∂z
+ Mη

P

∂T1

∂y
, (7)

for the temperature

T1= T2; (8)

and for the heat fluxes

κ
∂T1

∂z
= ∂T2

∂z
. (9)
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The lateral boundaries are rigid and thermally insulated:

y =±L/2: vi = 0,
∂Ti

∂y
= 0. (10)

HereM = αAa2
1/η1χ1 is the Marangoni number, andL= l/a1.

We consider the limitlx→∞ and disregard the boundary conditions atx =±lx . In this case, it is necessary
to impose some additional conditions determining the pressure gradients in the system. In the case of a linear
flow, the mean longitudinal pressure gradient in the system vanishes. In the case of a return flow, there is no
mean longitudinal flux of fluids, so that∫ L/2

−L/2
dy

∫ 1

0
dz vx1= 0,

∫ L/2

−L/2
dy

∫ 0

−a
dz vx2= 0 (11)

for anyx. In the present paper, both cases are considered.

In the absence of rigid lateral boundaries(L→∞), the boundary value problem (1)–(10) has an exact
solution corresponding to a parallel flow in the direction opposite to the direction of the temperature gradient:

vi =Ui(z)ex, pi = Bix, Ti = x +2i(z), i = 1,2,

whereex is the unit vector of the axisx (Doi and Koster [6]). In the case of the zero longitudinal pressure
gradient (linear flow),

U1(z)= aηM

P(1+ aη)(z− 1), (12)

U2(z)=− ηM

P(1+ aη)(z+ a); (13)

21(z)= aηM

6(1+ aη)
[
(z− 1)3− 1+ 2χa2+ 3κa

1+ κa (z− 1)
]
, (14)

22(z)= ηM

6(1+ aη)
[
−χ(z+ a)3+ a(χκa

2+ 2κ + 3χa)

1+ κa (z+ a)
]
; (15)

B1= B2= 0. (16)

Note that the deviations of the temperature2i(z)6 0 in this case. In the case of the zero longitudinal fluxes of
fluids (return flow),

U1(z)= aηM(−1+ 4z− 3z2)

4P(1+ aη) , (17)

U2(z)=−ηM(a
2+ 4az+ 3z2)

4aP (1+ aη) ; (18)

21(z)= aηM(1− z)[a(aχ + κ)+ (1+ aκ)(z− 5z2+ 3z3)]
48(1+ aη)(1+ aκ) , (19)

22(z)= ηM(a + z)[a
2(aχ + κ)− χ(1+ aκ)(a2z+ 5az2+ 3z3)]

48a(1+ aη)(1+ aκ) ; (20)
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B1=− 3aηM

2(1+ aη)P , (21)

B2=− 3M

2aP (1+ aη) ; (22)

An example of the velocity and temperature profiles is shown infigure 2 (see below for the details). Near
the interface, the flow is directed opposite to the temperature gradient, whereas near the rigid boundaries the
direction of the flow and that of the temperature gradient coincide. The established profiles of the temperature
deviations2i(z) result from the competition between the heat transfer by a “warm” flow near the interface and
a “cold” flow near the boundaries. Using the expressions (19) and (20), we find that the temperature deviation
at the interface is always positive. From the expressions for the temperature gradients

d21

dz
= aηM

48(1+ aη)(1+ aκ)
[
1− χa2− 12(1+ aκ)z(1− z)2], 06 z6 1,

d22

dz
= ηM

48a(1+ aη)(1+ aκ)
[
κa2(1− χa2)− 12χ(1+ aκ)z(z+ a)2], −a 6 z6 0,

in the case 1− χa2 < 0, one finds that21(z) > 0 in the whole region 06 z 6 1, while22(z) is negative in
a certain region near the lower rigid boundary. Similarly, in the case 1− χa2 > 0, we find that22(z)> 0 in
the whole region−a 6 z 6 0, while21(z) is negative in a certain region near the upper rigid boundary. If
1− χa2= 0, both functions21(z) and22(z) are non-negative in the regions of their definition.

Near the rigid lateral boundariesy = ±L/2, the flow is dragged due to the boundary condition (10). The
longitudinal velocitiesvxi =Ui, i = 1,2, therefore necessarily depend on both transverse coordinatesy andz.
It is natural to expect that the field|Ui(y, z)| has its maximum in the middle of the channel’s cross section and
vanishes on its rigid boundaries. For relatively small values of the Marangoni number, there is no reason for
the dependence of the longitudinal velocities on the longitudinal coordinatex. Because of the convective heat
transfer, the temperature deviations2i(y, z) are also maximal in the middle of the channel and decrease towards
the rigid boundaries. The inhomogeneity of the temperature in the cross section of the channel generates the

(a) (b)

Figure 2. Profiles of (a) the longitudinal velocity and (b) temperature deviation for the parallel return flow in the model system;M = 2, L= 2.5.
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secondary motionvyi(y, z), vzi(y, z). Thus, one can expect that a ‘spiral’ flow

vi = vi (y, z), pi = pi(y, z)+Bix, Ti = x +2i(y, z), i = 1,2, (23)

will be observed in the system at least for relatively small values of the Marangoni number. In the case of the
linear flow,Bi = 0. In the case of the return flow, the constantsBi are unknown and should be determined from
the conditions (11).

Flows of this kind were first considered by Myznikov [12] for the buoyancy convection in an infinite
horizontal layer subject to a horizontal temperature gradient. In that case the spiral flow appeared as a result of
the instability of the parallel flow, when the Grashof number exceeded some threshold value. Let us emphasize
that in our situation the spiral flow is caused by the lateral boundaries and exists for arbitrarily small values of
the Marangoni number. Thus, the appearance of the spiral flow is not related to the instabilities of the parallel
flows investigated by Smith and Davis [13].

For spiral flows, the continuity equation

∂vyi

∂y
+ ∂vzi

∂z
= 0

does not includevxi . That is why it is possible to define the stream functionsψi in the following way:

vyi = ∂ψi
∂z
, vzi =−∂ψi

∂y
. (24)

After elimination of the pressure fieldspi(y, z) in the usual manner, we obtain the following nonlinear boundary
value problem:

∂

∂t
1⊥ψi + ∂ψi

∂z

∂

∂y
1⊥ψi − ∂ψi

∂y

∂

∂z
1⊥ψi = ci12

⊥ψi; (25)

∂

∂t
Ui + ∂ψi

∂z

∂

∂y
Ui − ∂ψi

∂y

∂

∂z
Ui = ci1⊥Ui − eiBi; (26)

∂

∂t
2i + ∂ψi

∂z

∂

∂y
2i − ∂ψi

∂y

∂

∂z
2i +Ui = di

P
1⊥2i; (27)

z= 1: ψ1= 0,
∂ψ1

∂z
= 0, U1= 0, 21= 0; (28)

z=−a: ψ2= 0,
∂ψ2

∂z
= 0, U2= 0, 22= 0; (29)

z= 0: ψ1=ψ2= 0,
∂ψ1

∂z
= ∂ψ2

∂z
, U1=U2; (30)

η
∂2ψ1

∂z2
= ∂

2ψ2

∂z2
+ Mη

P

∂21

∂y
; (31)

η
∂U1

∂z
= ∂U2

∂z
+ Mη

P
; (32)
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21=22; (33)

κ
∂21

∂z
= ∂22

∂z
; (34)

y =±L/2: ψi = 0,
∂ψi

∂y
= 0, Ui = 0,

∂Ti

∂y
= 0, i = 1,2, (35)

where

1⊥ = ∂2

∂y2
+ ∂2

∂z2
, Ui = vxi, c1= d1= e1= 1, c2= 1/ν, d2= 1/χ, e2= ρ.

In the case of the linear flow,

B1= B2= 0. (36)

In the case of the return flow, the constantsBi, i = 1,2, should be found from the conditions∫ L/2

−L/2
dy

∫ 1

0
dzU1= 0,

∫ L/2

−L/2
dy

∫ 0

−a
dzU2= 0. (37)

For the calculation ofBi and the fieldsUi that satisfy the conditions (37), the following procedure is applied.
The functionsUi are presented in the form

Ui = Ũi +
2∑
j=1

ejBjVij , i = 1,2, j = 1,2, (38)

whereŨi andVij satisfy the following equations and boundary conditions:

∂

∂t
Ũi + ∂ψi

∂z

∂

∂y
Ũi − ∂ψi

∂y

∂

∂z
Ũi = ci1⊥Ui; (39)

z= 1: Ũ1= 0; z=−a: Ũ2= 0; (40)

z= 0: Ũ1= Ũ2, η
∂Ũ1

∂z
= ∂Ũ2

∂z
+ Mη

P
; (41)

y =±L/2: Ũi = 0; (42)

∂

∂t
Vij + ∂ψi

∂z

∂

∂y
Vij − ∂ψi

∂y

∂

∂z
Vij = ci1⊥Vij − δij ; (43)

z= 1: V1j = 0; z=−a: V2j = 0; (44)

z= 0: V1j = V2j , η
∂V1j

∂z
= ∂V2j

∂z
; (45)

y =±L/2: Vij = 0; (46)
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i = 1,2, j = 1,2; δij is the Kronecker symbol. After calculation of̃Ui andVij , the expression (38) is substituted
into the conditions (37), and the system of two linear algebraic equations forBj is solved.

The boundary value problem (25)–(35) is solved by the finite difference method. The variables “stream
function – vorticity” are used to solve Eq. (25) with corresponding boundary conditions (for details, see
Simanovskii and Nepomnyashchy [8]). Equations (25)–(35) are approximated on a uniform mesh using a
second order approximation for the spatial coordinates. The integration of the evolution equations is performed
by means of an explicit scheme. The advantage of this method of approximation is the simplicity of the
formulas. However, when using this approach one should be careful with the choice of the mesh size and
the time step. From the point of view of the approximation of spatial derivatives, the most dangerous region
is the region around the “cold corners” where the interface comes into contact with the lateral rigid walls (see
Canright [14]). Using the estimates given by Canright [14], we chose the mesh size smaller than the minimal
characteristic scale of the flow near the corner. The rectangular 42×56 and 84×56 meshes were used according
to the Marangoni number. To estimate the reliability of the results obtained, we performed control calculations
with a mesh 128× 56. The time step was chosen from the solvability condition.

To test the numerical code, we calculated numerically the profiles of the longitudinal velocitiesUi and
temperature deviations2i, i = 1,2, corresponding to the exact solutions (12)–(15) and (17)–(20) (on the
lateral boundariesy = ±L/2 we used the boundary conditions∂vxi/∂y = ∂vzi/∂y = vyi = 0 instead of the
boundary conditionsvi = 0). An example of the profiles calculated for the model system with the following set
of parameters:η= ν = 0.5, κ = χ = 1, P = 1, a = 1 is shown infigure 2. For this example, the relative error
was less than 0.4% for the velocity profile and less than 4% for the temperature profile. Also, we calculated the
threshold of the oscillatory instability of the parallel flows (12)–(15) and (17)–(20) with respect to the transverse
hydrothermal waves (a) by means of our numerical code with the above-mentioned boundary conditions and
(b) by solving the linearized eigenvalue problem using the Runge–Kutta method. The calculated threshold
Marangoni numbers were compared. The relative error was less than 6%. The results could not be directly
compared with those of Smith and Davis [13] because of the different thermal boundary conditions on the
horizontal rigid boundaries.

The boundary value problem (25)–(37) contains eight independent nondimensional parameters, and the
parametric investigation of this problem is thus extremely cumbersome. We shall focus on some particular
fluid systems.

3. Numerical results

3.1. Steady motions

First, let us consider the linear flow in the above-mentioned model system.

As was explained in Section 2, for arbitrarily small values of the Marangoni number, the longitudinal
temperature gradient generates a non-zero field of longitudinal velocityUi(y, z). In the case of linear flow,
Ui(y, z) 6 0. The field |Ui(y, z)| has a maximum in the middle of the channel and vanishes on its rigid
boundaries due to the viscous friction (seefigure 3(a)). One can see fromfigure 3(c) that the temperature
deviations2i(y, z) > 0 (see discussion in Section 2). They are maximal in the middle of the channel and
decrease towards the rigid boundaries. The inhomogeneity of the temperature in the cross section of the
channel generates a secondary motionψi(y, z) which has a four-vortex structure (seefigure 3(b)). The spiral
thermocapillary motion satisfies the following symmetry conditions:

ψi(y, z)=−ψi(−y, z), Ui(y, z)=Ui(−y, z), 2i(y, z)=2i(−y, z). (47)
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Figure 3. Isolines of the longitudinal velocity (a), stream function (b) and temperature deviation (c) for a steady thermocapillary motion in the model
system;M = 2, L= 2.5 (linear flow).

The motion symmetry is sustained for relatively large Marangoni numbers, but the shape of the vortices is
changed (seefigure 4(a)). The maximum of intensity of the transverse flow is displaced to the corner points of
the interface. This displacement is especially obvious in the case of larger values of the width parameterL (see
figure 5(a)): the transverse flow is located near the lateral boundaries of the channel.

The physical nature of the observed phenomenon is as follows: the flow along the interface towards the
relatively cold wall compresses the thermal gradient, thereby enhancing the flow. This phenomenon was studied
earlier for two-dimensional flows by Zebib et al. [15] and Canright [14], and for axisymmetric flows by
Shevtsova et al. [16].

Motions of a similar structure were found for the real air-water system with the parametersη= 0.0182, ν =
15.1, κ = 0.0396, χ = 138, P = 0.758 (seefigure 4(b), L= 2.5; figure 5(b), L= 6.8).

Now we shall consider spiral motions in a closed cavity (return flow). First, let us discuss the case of the
model system. In the return flow, the longitudinal velocityUi(y, z) is negative near the interface (i.e. the fluids
flow from the hot end of the cavity to the cold one) and positive near the horizontal rigid boundaries (i.e.
the fluids flow from the cold end of the cavity to the hot one; seefigure 6(a)). That is why the fields of the
temperature deviations2i(y, z) in the cases of a return flow (figure 6(c)) and a linear flow (figure 3(c)) differ
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Figure 4. Stream lines (a) for the model system;M = 660, L= 2.5; (b) for the air-water system;M = 146, L= 2.5 (linear flow).

Figure 5. Stream lines (a) for the model system;M = 200, L= 6.8; (b) for the air-water system;M = 83.3, L= 6.8 (linear flow).

considerably. For the return flow, two relatively cold zones are generated near the horizontal rigid boundaries.
Nevertheless, at the interface the temperature deviations2i(y, z) are maximal in the middle of the cavity
and decrease towards the rigid boundaries (seefigure 6(c)). Therefore, the generated secondary four-vortex
motionψi(y, z) has the same direction of rotation as in the case of the linear flow (seefigure 6(b)). The spiral
thermocapillary motion satisfies the symmetry conditions (47).

Motions of a similar structure were also found for the considered air-water system (seefigure 7).
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Figure 6. Isolines of (a) the longitudinal velocity; (b) stream function and (c) temperature deviation for a steady thermocapillary motion in the model
system;M = 1000 (return flow).
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Figure 7. Stream lines for a steady thermocapillary motion in the air-water system;M = 333.2 (return flow).

3.2. Oscillatory motions

The numerical simulation of the system (25)–(37) shows that when the Marangoni number exceeds some
threshold value, the steady motion is replaced by the time-periodic oscillatory regime. This means that the
steady spiral motion caused by the influence of rigid lateral boundaries becomes oscillatorily unstable.

In order to investigate the stability of the stationary motion (23), it is necessary to linearize the boundary
value problem (1)–(11) around the solution (23). The normal disturbances of the flow (23) have the structure
f (y, z;k)exp(ikx + λt) wheref (y, z;k) = (ṽi (y, z), p̃i(y, z), 2̃i(y, z)), k is the longitudinal wavenumber,
Reλ is the growth rate and Imλ is the frequency of the disturbance. One obtains the eigenvalue problem which
determines an infinite number of normal modesf (n)(y, z;k), n= 1,2, . . . , and the dependenceλ= λ(n)(k) for
each normal mode.

Let us discuss some general features of the spectrum of normal modes.

As the original equations are real, we come to the following conclusion: iff (n)(y, z;k) is a solution of the
eigenvalue problem with the wavenumberk and the eigenvalueλ(n)(k), thenf (n)∗(y, z;k) is a solution of the
eigenvalue problem with the wavenumber−k and the eigenvalueλ(n)∗(k), where∗ means complex conjugate.
There are two possibilities (Nepomnyashchy [17]):

(I) either eigenfunction belongs to the same mode:

f (n)∗(y, z;k)= f (n)(y, z;−k), λ(n)∗(k)= λ(n)(−k); (48)

(II) the eigenfunctions belong to different modes:

f (n)∗(y, z;k)= f (m)(y, z;−k), λ(n)∗(k)= λ(m)(−k), m 6= n. (49)

In the former case, the growth rate Reλ(n)(k) is an even function ofk, while the frequency Imλ(n)(k) is
an odd function ofk. The eigenvalueλ(n)(0) is real. If the corresponding mode generates an instability, the
condition Reλ(n)(k,M∗) = 0 determines the neutral stability curveM =M∗(k). Obviously,dM∗/dk = 0 as
k = 0. Depending on the sign ofd2M∗/dk2, the pointk = 0 corresponds to a minimum or a maximum ofM(k).
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In the latter case, the growth rate and the frequency are neither even nor odd functions ofk. Both λ(n)(0)
and λ(m)(0) = λ(n)∗(0) are eigenvalues. In the case of instability, there aretwo neutral curvesM = M+(k)
andM = M−(k) which are determined by the conditions Re(λ(n)(k,M+)) = 0 and Re(λ(m)(k,M−)) = 0
respectively. One can see thatM+(k) =M−(−k), so thatM+(0) =M−(0). Generally (i.e. except manifolds
of the codimension 1 in the parameter space)dM+/dk =−dM−/dk 6= 0 ask = 0. Thus, the minimum of the
neutral curve is located atk 6= 0 in this case.

Using the system (25)–(37), one can investigate the stability of the stationary flow (23) only with respect
to the disturbances which do not depend on the longitudinal coordinatex, i.e. with k = 0. In the case (I) one
obtains a ‘monotonic’ instability atk = 0, which should generate a new stationary spiral flow. If the neutral
curveM∗(k) has a minimum atk = 0, one can expect this flow to be stable near the bifurcation point. In the
case (II) the instability is ‘oscillatory’ atk = 0, and it leads to the appearance of time-periodic spiral motions.
In the latter case, however, the pointk = 0 does not generally correspond to the minimum of the neutral curve,
so that one can expect that near the bifurcation point the spiral flow will not be stable with respect to the
x-dependent disturbances.

The complete analysis of the stability problem for arbitraryk is beyond the scope of the present paper which
is based on the boundary value problem (25)–(35). But even the calculation of the eigenvaluesλ(n)(0) alone
is not a simple task. The main problem is the behavior of the vorticity field near the corner points where the
interface comes into contact with the lateral rigid walls. The vorticity field depends on the polar angle and is not
continuous in the corner points (Moffat [18]). This circumstance makes it difficult to use methods based on the
approximation of fields by series of smooth functions. For this reason the instability threshold was determined
in the following way. We simulated the evolution of small disturbances of a steady spiral flow by means of the
numerical algorithm described above. The analysis of small-amplitude oscillations enabled us to calculate the
growth (or decay) rate and the frequency of the disturbance for the mode generating the instability.

Our simulations performed for the model and the air-water systems revealed an instability of type (II). For
instance, in the case of the air-water system in a cavity withL= 2.5, the critical Marangoni number with respect
to the disturbances withk = 0 is aroundM = 380, and the critical frequency is approximatelyω= 3.3. As was
explained above, the most dangerous disturbances in this case correspond to the longitudinal wavenumber
k 6= 0. From the physical point of view, two relevant modes of disturbances (with positive and negative
frequency values) correspond to the waves propagating in opposite directions. Since the mean longitudinal
flow is asymmetric with respect to the transformationx→−x, the interaction of the disturbances with this
flow depends on the direction of the wave’s motion. As a result, this interaction supports a definite kind of
wave, and hence ‘wavy’ flows withk 6= 0, rather than ‘oscillatory’ spiral motions withk = 0, are likely to
be observed in the experiment. However, we can expect that in some cases the main physical mechanism of
the instability itself does not depend on the direction of the waves’ propagation and can be understood by the
investigation of the spiral motions. There is a need therefore to describe such motions obtained by the direct
numerical simulation of the system (25)–(37).

To characterize the intensity and the symmetry properties of the flows, we introduce the following integral
characteristics:

S1l(t)=
∫ 0

−L/2
dy

∫ 1

0
dzψ1(y, z, t), S1r(t)=

∫ L/2

0
dy

∫ 1

0
dzψ1(y, z, t); (50)

S2l(t)=
∫ 0

−L/2
dy

∫ 0

−a
dzψ2(y, z, t), S2r(t)=

∫ L/2

0
dy

∫ 0

−a
dzψ2(y, z, t). (51)
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Figure 8. Stream lines (a1)–(d1) and temperature deviation isolines (a2)–(d2) for the model system;M = 1700.

For model and real systems, for both linear and return flows we found two different types of the oscillatory
motions. To illustrate the characteristic features of oscillations, it is more convenient to consider the case of the
return flow in the model system.

The first type is characterized by the symmetry property (47). For this type of motion,Sir(t)=−Sil(t), i =
1,2.

Let us describe the evolution of the stream function and the temperature fields during one period (the changes
in the field of the longitudinal velocity are relatively small). The intensive secondary motion (figure 8(a1)) leads
to the temperature growth at the interface near the lateral walls (figures 8(a2), 8(b2)). As a result, the direction
of the transverse horizontal temperature gradient changes, and four new vortices appear near the interface
(figure 8(b1)). The direction of the new vortices’ rotation is opposite to that of the old ones. The new vortices
grow and suppress the old vortices. A new four-vortex structure is established in the system (figure 8(c1)).
Comparingfigure 8(a1) andfigure 8(c1), one can see that the direction of rotation changes during a half-period.
Note that the shape and the intensity of the vortices shown infigure 8(a1) and 8(c1) are not identical. The
temperature in the middle of the channel grows, the horizontal temperature gradient is now directed from the
middle to the lateral boundaries of the channelfigure 8(c2), and again four new vortices appear near the interface

EUROPEAN JOURNAL OF MECHANICS – B/FLUIDS, VOL.18, N◦ 6, 1999



Spiral thermocapillary flows in two-layer systems 1019

Figure 8. (Continued).

(figure 8(d1)). The new vortices grow and replace the old ones, and this concludes one oscillation period
(figure 8(a1)). The period of oscillations decreases with the growth of the Marangoni number (seefigure 9,
line 1). The stability region for this type of oscillations is relatively small: 1500<M < 1700.

For smaller and larger values of the Marangoni number one observes the transition to the second type of
oscillations. For the second type of oscillations the symmetry property (47) is violated, and another set of
symmetry relations,

ψi(y, z, t + τ/2)=−ψi(−y, z, t), Ui(y, z, t + τ/2)=Ui(−y, z, t), (52)

hold. The number of vortices in each layer changes during the period of oscillations. The dependence of the
oscillation period for this type of motion is shown infigure 9(line 2). A typical evolution of the stream line
patterns is shown infigure 10. The physical mechanism of the oscillations is essentially the same as in the
case of the symmetric oscillations, but the spatial structure of the flow is different. A new pair of vortices is
always generated near the lateral boundaries. The asymmetric oscillations are observed in a rather large region
of the Marangoni number: 1250<M < 2500. We did not perform calculations forM > 2500. A typical phase
trajectory in the plane(S1l, S1r) for this type of motion is shown infigure 11.
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Figure 9. Dependence of the period on the Marangoni number for symmetric (line 1) and asymmetric (line 2) oscillations; model system.

Figure 10.Evolution of stream lines for the asymmetric oscillations in the model system;M = 2300.

EUROPEAN JOURNAL OF MECHANICS – B/FLUIDS, VOL.18, N◦ 6, 1999



Spiral thermocapillary flows in two-layer systems 1021

Figure 11.Phase trajectory in the plane(S1l , S1r ) for the asymmetric oscillations in the model system;M = 2300.

We found the same two oscillatory regimes in the air-water system. However, the symmetric type (47) of
oscillations is stable in a relatively larger interval of Marangoni number (4006M 6 490). The mechanism of
the oscillatory motion in the water layer is essentially the same as in the model system, but new vortex pairs
which replace the vortices of the previous generation occur in the middle of the channel. A similar process takes
place in the air layer as well, but the flow structure in the air is much less inertial and is mainly determined by
the temperature and flow fields in the water near the interface. The evolution of the stream lines is shown in
figure 12. The asymmetric type of oscillations (52) is found in the regionM > 500. In the water layer, the flow
pattern can be considered as a non-stationary superposition of a two-vortex structure and a one-vortex structure.
The flow in the air layer develops faster than that in the water and is mainly determined by the temperature and
flow fields in the water (seefigure 13). The orbits in the phase space for the asymmetric oscillations are shown
in figure 14.

Similar oscillations were obtained in the case of the basic linear flow.

4. Discussion of results and concluding remarks

The numerical simulations described here revealed the existence of two qualitatively different regimes of
thermocapillary flows in a channel.

For relatively small values of the Marangoni numbers, a steady three-dimensional flow is observed, which
is a superposition of a one-dimensional flow along the channel and a two-dimensional four-vortex flow in the
cross section of the channel. As was explained above, the transverse motion is caused by the existence of the
vertical lateral rigid boundaries.

Another kind of flow occurs for larger values of the Marangoni number. In the framework of the applied
approach, we found the threshold of the occurrence of ‘homogeneous oscillations’ but not ‘waves’ generation.
In the case of a channel with the relative widthL = 2.5 that contained a layer of air and a layer of water
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Figure 12.Stream lines for the air-water system;M = 396.
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Figure 13.Stream lines for the asymmetric oscillations in the air-water system during one half of the period;M = 500.
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Figure 13. (Continued).
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(a)

(b)

Figure 14.Phase trajectories (a) in the plane(S1l , S1r ) and (b) in the plane(S1l , S2l ) for the asymmetric oscillations in the air-water system;M = 500.

with equal thicknesses (a = 1), the instability threshold for oscillations is found to be equal toM = 380. For
example, if the full thickness of the channel is 2a1 = 1 cm, the oscillations will occur for the temperature
gradientA larger than 0.35 K/cm.

As to the physical nature of the instability observed in our simulations, we can suggest that these oscillations
are a manifestation of the ‘hydrothermal waves’ discovered by Davis [3] in the case of parallel flows. Because of
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the geometry of the considered problem, one observes a ‘standing’ hydrothermal wave that comes to replace the
steady spiral flow. The influence of the lateral boundary conditions on this kind of flow is of minor importance:
the rigid boundary conditions increase the critical Marangoni number.

To justify this conjecture, we performed simulations with periodic boundary conditions on the lateral
boundaries which correspond to a laterally infinite two-layer system. In this case, for relatively small values
of the Marangoni number, the parallel flow is observed instead of the steady spiral flow. As the Marangoni
number grows, the parallel flow becomes unstable with respect to the hydrothermal waves. The linear instability
threshold can be easily calculated, and it is equal toM = 180 for the air-water system; the critical wavenumber
is k = 2.1. The nonlinear numerical simulations performed in the region withL = 2.75 (k = 2π/L = 2.28)
showed that the oscillations occurred atM ≈ 210, which is in a reasonable agreement with the predictions of
the linear theory. The shape of the oscillations is very similar to that of symmetric oscillations in the channel
with rigid boundaries.

We expect that both regimes of the oscillatory spiral flows found in our simulations are unstable with respect
to three-dimensional disturbances which lead to non-synchronous oscillations in different cross-sections of the
channel. The investigation of the latter effect can be done only by complete three-dimensional simulations.
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